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It is shown that the three-fold rotational symmetry in transition metal dichalcogenides leads to a Coulomb
induced renormalization of the effective electron and hole masses near the K-points of the Brillouin zone. The
magnitude of the renormalization depends on the dielectric configuration. The effective exciton mass m =
0.4m0 of a freely suspended MoS2 monolayer changes to m = 0.35m0 with hBN encapsulation. The mass
renormalization increases the excitonic binding energy and reduces the exciton diamagnetic shift and cyclotron
frequency. Detailed comparisons with high field measurements of the excitonic diamagnetic shift show excellent
agreement.
With the ability to create them as monolayers, van der
Waals bonded layers have emerged as a new material class,
including graphene and transition metal dichalcogenides
(TMDCs). In particular, TMDC monolayers have attracted
considerable attention, partly because of their extraordinary
strong light-matter interaction and excitonic effects, but also
because of their potential application in valleytronic devices.
Common to TMDCs and other layered van der Waals ma-
terials is the arrangement of the atoms within the layers into a
honeycomb lattice, with the atoms located at the corners of the
hexagon. In reciprocal space, the first Brillioun zone also has
honeycomb geometry with direct band gaps occurring at the
six corners of the hexagon. Since neighboring K and K ′ val-
leys are related by the parity or time reversal transformation,
these are addressed with oppositely circularly polarized light.
This fascinating feature has lead to fascinating new physics,
in particular the novel concept of valleytronics[1–6].
Whereas the valley dependent optical selection rules are
correctly predicted by density functional theory (DFT), the
optical selection rules and the coupled spin-valley dynamics
has been explained in a very elegant and intuitive manner by
assigning relativistic quasi-particles with a pseudo-spin to the
K and K ′ valleys. Since its proposal in the original work [1],
the so called massive Dirac-Fermion model (MDF) Hamilto-
nian has been very successfully applied to describe many of
the near K point electronic and optical TMDC properties [7–
21]. [13] However, as we show in this Letter, the MDF Hamil-
tonian does not display the full three-fold rotational symmetry
of the lattice, nor does it properly account for the change of or-
bital angular momentum of the basis functions upon absorp-
tion. We therefore propose a modified Hamiltonian (mMDF
Hamiltonian) that incorporates the three-fold rotational sym-
metry. With this mMDF Hamiltonian, we obtain a Coulomb
induced renormalization of the effective electron and hole
masses near the K-point that increases the excitonic binding
energy and reduces the exciton diamagnetic shift.
In its original form, the MDF Hamiltonian is given by
H0 =
∑
τsk
Ψ†τsk
(
∆sτ
2 τ~vF ke
−iτθk
τ~vF keiτθk −∆sτ2
)
Ψτsk, (1)
where ∆sτ is the spin and valley dependent gap, vF = ta is
the Fermi-velocity, a is the lattice constant, t is an effective
hopping matrix element, and Ψτsk are two-component pseu-
dospinors spanned by the d-type Mo-basis functions |d2z〉 und(|dx2−y2〉+ iτ |dxy〉) /√2. Eigenstates of H0 have the rela-
tivistic dispersion sτk =
√(
∆sτ
2
)2
+ (~vF k)2 and can be
chosen such that they are simultaneous eigenstates of the op-
erator jˆz = Lˆz + τ2 σˆz:
Ψjsτk =
(
ψA(k)e
i(j−τ/2)θk
ψB(k)e
i(j+τ/2)θk
)
. (2)
Here, Lˆz = −i~ ∂∂θk and σˆz is the z-component of the
pseudo-spin. Hence, the light-matter interaction is given by
HI = −e vFc
∑
sτk Ψ
†
sτk (A
−τ σˆ+ +Aτ σˆ−) Ψsτk withAτ =
Ax + iτAy and σˆ± are the ladder operators. The optical se-
lection rules are then given by 〈Ψj |HI |Ψj′〉 ∝ A−τδj,j′+τ +
Aτδj,j′−τ , showing that excitation with right(left)-handed cir-
cular polarized light increases (decreases) the angular momen-
tum jˆz by ~.
Since the MDF Hamiltonian in Eq. 1 does not display the
full three-fold lattice rotational symmetry and does not ac-
count for the angular momentum change −2τ~ of the basis
functions upon absorption, we propose to modify Eq. 1 by in-
corporating the three-fold rotational symmetry via
HmMDF =
∑
τsk
Ψ†τsk
(
∆sτ
2 τ~vF ke
−3iτθk
τ~vF ke3iτθk −∆sτ2
)
Ψτsk.
(3)
This modified massive Dirac Fermion (mMDF) Hamilto-
nian has the same relativistic dispersion as the original MDF
Hamiltonian and the eigenstates have the general form
Ψ˜jsτk =
(
ψA(k)e
i(j−3τ/2)θk
ψB(k)e
i(j+3τ/2)θk
)
. (4)
Using the minimal substitution, the light-matter interaction is
obtained as
H˜I = −evF
c
∑
sτk
Ψ˜†sτk
(
(A−τ )3
A2
σˆ+ +
(Aτ )3
A2
σˆ−
)
Ψ˜sτk,
(5)
yielding the optical excitation rules 〈Ψ˜j |H˜I |Ψ˜j′〉 ∝
(A−τ )3/A2δj,j′+3τ + (Aτ )3/A2δj,j′−3τ . Hence, excitation
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2with σ± polarized light increases the angular momentum as-
sociated with the geometric phase by ±3~, while simultane-
ously the angular momentum associated with the basis func-
tions is decreased by±2~, in agreement with the conservation
of the total angular momentum. Furthermore, for linearly po-
larized light, a rotation of the polarization angle by 2pi/3 does
not alter the optical spectra, thus reflecting the three-fold lat-
tice symmetry.
Although the eigenstates of our new mMDF Hamiltonian
have the same unrenormalized dispersion asH0, the Coulomb
matrix elements contain the electron-hole overlap matrix ele-
ments and hence differ in their geometric phases. In particular,
the electron-hole Coulomb matrix element relevant for the de-
scription of the excitonic properties is given by
W cννck−k′ = |ukuk′ + vkvk′e−im(θk−θk′ )|2Wk−k′ .
Here, Wk−k′ is the screened quasi-two dimensional Coulomb
potential and u2k = (+
∆
2 )/2, v
2
k = (− ∆2 )/2, and m = 1
and m=3 for the MDF and mMDF Hamiltonian respectively.
As a consequence, the Coulomb-renormalized band structure
can be computed from the modified gap equations[22, 23]
∆˜k = ∆ +
1
2
∑
k′
W|k−k′|
∆˜k′
Ek′ , (6)
v˜k = vF +
1
2
∑
k′
W|k−k′|
k′
k
v˜k′
Ek′ cos(m(θk − θk
′)), (7)
Ek =
√
∆˜2k + 4~2v˜kk2, (8)
with m = 3 instead of m = 1.
To calculate the renormalized dispersion from the gap equa-
tions, we computed the band structure and dipole-matrix el-
ements via density functional theory (DFT) [24] utilizing the
Vienna ab initio simulation package (VASP) [25–27] using the
Perdew-Burke-Ernzerhof (PBE) functional [28], and includ-
ing spin-orbit interaction[29]. Fitting the DFT band structure
around the K points by the MDF dispersion, we obtain the
MDF paramaters for the gap and Fermi-velocity. The screened
Coulomb potential within different dielectric environments is
determined from Poison’s equation using the DFT screen-
ing parameters for the parent bulk material as described in
Ref.[23], and the Coulomb matrix elements were calculated
with the aid of the DFT wave-functions. Together with the
gap equations, this provides a microscopically consistent de-
scription of the renormalized quasi-particle dispersion.
As shown in Ref.[23], within numerical accuracy the si-
multaneous solution of Eqs. 6, 7, and 8 with m = 1 leads
to rigid band shifts without dispersion modifications. Inter-
estingly, this aspect changes significantly once the renormal-
ization of the Fermi-velocity properly includes the three-fold
rotational symmetry. As an example, we compare in Fig. 1 the
renormalized energy dispersion for a suspended monolayer of
MoS2 using the original MDF Hamiltonian (red dashed line)
with that of the mMDF Hamiltonian (red solid line). The re-
spective blue solid and dashed lines show the corresponding
results for an hBN encapsulated monoloayer.
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FIG. 1. Comparison of the renormalized dispersion at the K-valleys
solving the gap equations with the mMDF Hamiltonian (solid lines)
and the original MDF Hamiltonian (dashed lines) for the example
of a suspended (red) and hBN encapsulated (blue) MoS2 monolayer.
The thin black lines show the unrenormalized dispersion shifted to
match with the renormalized gap.
One clearly recognizes that the curvature of the mMDF dis-
persion at the bottom of the valleys is smaller as compared
to the input DFT dispersion, i.e. the mMDF theory yields an
enhanced effective mass, whereas the original MDF calcula-
tions merely yield a rigid shift of the unrenormalized disper-
sion. A quadratic fit in the region |k −K| ≤ 0.1A˚−1 yields
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FIG. 2. Exciton resonance energies of MoS2 as function of the di-
electric environment represented by the effective dielectric constant
κ = (top + bottom)/2. The lowest five resonances (colored) and
the band gap (black) are shown resulting from the modified mMDF
Hamiltonian (solid lines) and the original MDF Hamiltonian (dashed
lines).
3the effective reduced masses of mvacr = 0.4m0 for the sus-
pended monolayer in vacuum, and mhBNr = 0.35m0 for an
hBN encapsulated MoS2 monolayer (mvacr = 0.326m0 and
mhBNr = 0.312m0 if fitted on |k − K| ≤ 0.2A˚−1). These
values are in excellent agreement with the reported effec-
tive electron mass of me ≈ 2mr = 0.7m0 extracted from
Shubnikovde Haas (SdH) oscillations in hBN encapsulated
MoS2 monolayers[30] and should be compared to the DFT
value of the effective reduced mass mDFTr = 0.261m0. In
the corresponding calculations for MoSe2 (not shown here),
we find the effective reduced masses mvacr = 0.44m0 and
mhBNr = 0.382m0 for vacuum and hBN encapsulated, re-
spectively, which is also in excellent agreement with the ef-
fective electron mass of me = 0.8m0 found for hBN encap-
sulated MoSe2 extracted from experiments[31].
In Fig. 2, we plot the energies of the lowest exciton res-
onances computed with the mMDF Hamiltonian as function
of the dielectric environment represented by the effective di-
electric constant κ = (top + bottom)/2. The enhanced ef-
fective mass increases the exciton binding energy on a sus-
pended monolayer from 471 to 560 meV, resulting in a reso-
nance energy of 1.98 eV in vacuum. For the frequently used
quartz substrate and hBN encapsulation, we use top = 3.9
and top = bottom = 4.2 and find the 1s-exciton resonances
at 1.951 and 1.937 eV respectively.
To further investigate the consequences of the mass renor-
malizations predicted by the mMDF model, we compute the
diamagnetic shift of the exciton resonances in TMDC sys-
tems. As has been suggested by Goryca et al.[32], the slope of
the diamagnetic shift provides access to the effective exciton
mass and, hence, can be used to test our theoretical predic-
tions.
In a constant, perpendicular magnetic field, the exciton
equation is given by[33]
(
Eek[B] + Ehk [B] +
eB
2mrc
lˆz +
e2B2
8mrc2
rˆ2
)
ψµ(k)−
∑
k′
W cννc|k−k′|ψµ(k
′) = Eµψµ(k). (9)
Here, mr is the (unrenormalized) reduced mass of the
electron-hole pair, lˆz is the angular momentum operator, rˆ =
i∇k is the position operator, W cννck−k′ is the statically screened
electron-hole Coulomb matrix element and Ee/hk [B] the renor-
malized single-particle dispersion that contains a Zeeman
shift of the atomic orbitals contributing to the valence and
conduction band. In general, the term ∝ lˆz leads to a Zeeman
shift of the exciton states, however, for the s-type bright states
this term does not contribute. The orbital angular momentum
of d-type orbitals with mz = ±2 leads to a Zeeman shift of
±2µBB of the valence band maxima, where µB = e~/2m0c
is the Bohr magneton, and a corresponding splitting between
theK± valleys. The Zeeman shift of the atomic orbitals enters
the unrenormalized gap in Eq. 6 and is slightly enhanced by
the gap-renormalization, leading to g-factors with an absolute
value slightly larger than 4.
In the low magnetic field regime, the term ∝ B2 can be
treated perturbatively, leading to a quadratic shift of the ex-
citon resonance energy, which is the diamagnetic shift. In
the high field limit and for a quadratic dispersion p2/2m∗r ,
the term quadratic in B leads to the formation of Landau-
levels with En = ~ω∗c (n + 1/2), with a cyclotron frequency
~ω∗c =
√
mr/m∗r ~ωc = e~B/2
√
mrm∗rc. Hence, in the
high field limit the slope of the eigenvalues gives direct ac-
cess to the mass renormalization, provided the dispersion is
quadratic.
In Fig. 3, we compare the calculated diamagnetic shift
(Ens[B] + Ens[−B]) /2 using the mMDF dispersion for a
freely suspended MoS2 monolayer (dashed lines) with that of
an hBN encapsulated configuration. The effective masses can
be estimated from the slope at very high magnetic fields. A
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FIG. 3. Diamagnetic shift of the five lowest A-exciton states for a
hBN encapsulated ML MoS2 (solid lines) and a suspended MoS2
ML (dashed lines) for magnetic fields up to 400 T. The effective ex-
citon mass can be estimated from the slope of the diamagnetic shift
at high fields.
linear fit in the region between 400 and 500 T yields a renor-
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FIG. 4. Diamagnetic shift of the five lowest A-exciton states for
a hBN encapsulated ML MoS2 with threefold rotational symme-
try (solid lines) and without threefold rotational symmetry (dashed
lines). The enhanced exciton mass resulting from the three-fold rota-
tional symmetry increases the exciton binding and reduces the slope
at elevated magnetic fields. The discrete symbols denote experimen-
tal data points taken from reference 32.
malized exciton mass mhBNr = 0.417m0 for the hBN encap-
sulated sample, andmvacr = 0.42m0 for the suspended mono-
layer, respectively. These values are in reasonable agreement
with those estimated from the dispersion.
To test the reliability of our calculations, we present in
Fig. 4 a comparison of the mMDF calculated diamagnetic
shift for the hBN encapsulated MoS2 monolayer (solid lines)
with experimental data taken from Ref. [32]. We obtain excel-
lent agreement between theory and experiment which would
not have been possible using the original MDF Hamiltonian
(dashed lines). Equally good theory/experiment agreement
has also been obtained for other TMDC systems, including
MoTe2, WS2 and WSe2. Data on these materials can be found
in the supporting online material.
In conclusion, we introduced a modification of the origi-
nal massive Dirac Fermion Hamiltonian that accounts for the
three-fold rotational symmetry of the TMDC lattice. We show
that this modified Hamiltonian leads to a curvature change
in the computed energy band dispersion that depends on the
dielectric environment. This renormalization of the effective
mass manifests itself in the values of the predicted exciton
binding energies and their magnetic field induced shift. We
demonstrate excellent quantitative agreement with experimen-
tal data. Hence, we expect that the proposed modified massive
Dirac Fermi Hamiltonian will find widespread use in future
experimental analysis and TMDC design applications.
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